We study the effect on neoclassical transport of applying a fluctuating electrostatic spectrum, such as produced either by plasma turbulence, or imposed externally. For tokamaks, it is usually assumed that the neoclassical and "anomalous" contributions to the transport roughly superpose, Ò · Ò , an intuition also used in modeling stellarators. An alternate intuition, however, is one where it is the collisional and anomalous scattering frequencies which superpose, · Ò .
I. Introduction
In this paper, we examine the effect on neoclassical transport in a stellarator or tokamak of introducing an additional fluctuating electrostatic (ES) field, such as that produced by plasma drift turbulence, or imposed externally. The theory of neoclassical transport in tokamaks (e.g., Refs. 1-3) and stellarators (e.g., Refs. 4, 5) has been extensively developed. Much theoretical work has also been done on turbulent transport, mainly in tokamaks (see, e.g., Ref. 6) . With increasing interest in stellarators in recent years, some studies of turbulent transport in stellarators (e.g., Refs. 7-10) have been carried out, though the greater geometric complexity of stellarators has made numerical and analytic progress more difficult than for tokamaks.
Here, we address two general intuitions in the literature about what one expects the effect of the additional ES spectrum should be. The first, probably derived principally from tokamak studies, here termed the "additive picture", is that the contributions to radial transport from Coulomb collisions and from the fluctuating spectrum are roughly independent, so that the total radial transport coefficient may be approximately written ³ Ò · Ò , with the usual Coulomb collisionality ( ) producing neoclassical transport ( Ò ), and the fluctuations producing the "anomalous" contribution ( Ò ). This same view has been applied in modeling stellarators (e.g., , supported in part by the observation ½ that stellarator empirical scaling laws are similar to ones originally developed for tokamaks, such as Lackner-Gottardi scaling. ½ On the other hand, one may regard the ES fluctuations as an additional source of collisionality, so that the total effective velocity-space scattering frequency may be written as the sum of the Coulomb collisionality plus that from the fluctua- what extent these expectations hold, using both numerical and analytical methods.
The idea that ES fluctuations might provide an effective collisionality was discussed in Refs. 17,18, and experimentally tested on the Saturn stellarator ½ to enhance the plasma confinement time (by about 40%), by applying an RF electric field with frequency comparable to the bounce frequency ª of electrons trapped in a helical ripple well in order to enhance their detrapping rate. More recently, Shishkin and coworkers have proposed applications of this idea, e.g., detrapping electrons to control the radial electric field, ¾¼ and entrapping ions to enhance impurity removal. ¾½¸¾¾ Thus, the additive intuition derives principally from modeling internally-generated fluctuations, while the intuition derives from externally-imposed fluctuations, though the two are different cases of the same phenomenon. Here, we present numerical results and an analytic framework exhibiting both types of behavior.
The remainder of the paper is organized as follows. In Sec. II, we set up the framework for the calculations to follow, introducing some notation, the model to be used, and the numerical approach employed. A first series of numerical results is presented in Sec. III, finding situations where the picture is valid and substantial (order unity), and others where it is relatively small. To gain a better understanding of the dependencies found, in Sec. IV we turn to a theoretical analysis of the issue.
The numerical results of Sec. III are for distributions distributed "globally" over a flux surface and in pitch. The analytic results in Sec. IV provide more detailed information, coming from distributions more localized in flux surface launch point and in pitch. In Sec. V, we provide a comparison of the analytic results and a second set of numerical runs which are also of this more localized nature. We find rough agreement between the detailed analytic and numerical results. We also find agreement between Ò computed analytically and numerically, and from the analytic expression for this ratio obtain a prediction for the modification by the fluctuations of Ò which agrees with the global numerical results of Sec. III. In
Sec. VI we summarize our findings, and discuss some of their implications.
II. Preliminaries
We study 3 toroidal configurations, all related to the design for the NCSX These configurations are characterized in Fig. 1 , which shows for each, on the left, a contour plot of ´ µ over a flux surface, and on the right, along a field line, for one poloidal transit. Here, are the poloidal and toroidal flux coordinates, respectively. In terms of these, along with the toroidal flux ¾ and poloidal flux ¾ Ô , the magnetic field ´Üµ may be written in the contravariant (Clebsch) 
To these equilibrium fields, we add a fluctuating spectrum of electrostatic per- is an average over all AE Ô particles, AEÖ Ö Ö , and is the run time for particle , the smaller of its confinement time and a maximum run time Ì allowed for the ensemble. With this definition, in situations (such as at very low collisionality and small Ö ) where the particle loss becomes non-diffusive, this prescription for still provides a meaningful measure of the transport, an average inverse confinement time.
The code uses the numerical counterpart ¾ of the Lorentz collision operator
with ÅÚ ¾ ´¾ µ the particle magnetic moment, and Ú Ú the particle pitch. Ä conserves particles and energy. The code works in units where Ê ¼ Å ª ¼ ½ , with Å the particle mass and ª ¼ ¼ ´Å µ. In these units,
III. Numerical Results
We first look at transport for spectrum S1, modeling drift turbulence, with at low-, starting to bend over into the plateau regime at the highest . Just above this is the transport from QA1, close to that from TOK1 at high-, and manifesting a weak ½ -regime as one descends from there toward lower . Well above that is the transport from CS1, showing a much stronger ½ regime, as one would expect.
In the flattened part of this curve at lowest , the transport is no longer primarily diffusive, dominated by helically-trapped particles (trapping state index )
walking directly to the machine wall. (We will also designate toroidally-trapped particles by Ø, and passing particles by Ô.)
In Fig ison of the mode and particle frequencies, this appears to be due to a resonance of mode frequencies with the bounce time of Ø particles. As in Fig. 3 , the QA1 and CS1 stellarator curves are nonmonotonic, having an additional oscillatory structure at larger frequencies, of amplitude much larger for CS1, as one expects. In CS1, the central "tokamak peak" visible in the TOK1 curve is still evident, and the additional structure shows a succession of peaks spaced at roughly ¡« ³ ¼ ¼ . One notes that this additional structure in both QA1 and CS1 makes Ò negative for some « , counter to the additive picture, and consistent with the picture.
While Ò ¼ in the above results is conceptually interesting, it is only a small effect, inducing a peak-to-peak change of around 8%. This is in part because we have thus far taken Ö « ¼ , making Ò very large for ions in CS1, and also because, as noted earlier, spectrum S1 provides a relatively small for inducing turbulent pitch-angle scattering. Therefore, we now compare the effects of spectrum S2 versus S1, and of « ¼ versus « ¼ , a value large enough to close the superbanana orbits, i.e., to make particles confined instead of walking directly out of the machine. We also henceforth focus on CS1, for which these effects are more pronounced.
In Fig. 5 This expectation is borne out in 
IV. Theory
We now explore this effect analytically. To study it, we employ the "actionangle formalism," originally formulated for tokamaks by Kaufman. ¾ In this formalism, one parametrizes the 6-dimensional phase space Þ with the 3 invariant actions Â of the unperturbed motion and their 3 conjugate angles , and considers the diffusion in Â-space under the influence of some perturbation, either collisions or a fluctuating spectrum. The angle-averaged distribution ´Âµ is then governed by a kinetic equation
with Â denoting a gradient in Â-space. We note that ÖÖ here does not represent the total radial transport computed in Sec. III, but only the "direct" contribution, due to the radial excursions produced by the perturbing potential. It does not account for the "indirect" contribution, due to modification of the velocity-space distribution by , which is described by coefficients and ÂÂ , and for the frequencies applied is significant mainly for particles with . For such frequencies in tokamaks, which have no particles, ÖÖ should dominate. For stellarators with appreciable ripple, such as the CS1 results shown in Fig. 6 , the incremental indirect contribution from Ò can dominate.
For collisional transport, on the right side of Eq.(3) one instead uses for the angle-averaged Landau operator, or a simplified form such as the angle-average Ä of the Lorentz operator in Eq.(2). Applied to tokamaks, the action-angle framework has been used ¾ ¸¾ to compute tokamak neoclassical transport coefficients.
To treat a case having both collisions and a fluctuating spectrum, one may take Ò · Ò in Eq.(3), with Ò Ä . This somewhat simplifies the correct form -expression (6) should be collisionally broadened. Here, we will use only the collisionless analytic form (6), and the corresponding simulations to follow will be with the spectrum on and collisions off.
We now evaluate analytic expression (6), and in Sec. V compare its predictions with numerical results. To evaluate the coupling coefficients, we write an approximate description of the position Ü´Þµ of particles, making explicit its dependence on , analogous to previous tokamak applications of this formal-
Here, the drift motion in a ripple well is described by ´ «µ and ´ «µ ¼ · Õ ÑÒ¼ , with Õ ÑÒ¼ Ñ ¼ Ò ¼ , and by "superbanana width" excursion in . Þ , and mode index Ñ is implicit in the definitions of Þ . We perform the summation over Ð in Eq.(6). The factor AE Ð in (7) 
V. Analytic and Numerical Comparison
We now evaluate the elements ÖÖ , and ÂÂ analytically from Eqs. (8) and (10) (which give Ò and Ò , respectively), and also numerically, and compare the analytic and numerical results. We also use these to compute , and from this, to understand the more global (in and ) numerical results of Sec. III.
We have described the numerical prescription for computing ÖÖ in Sec. II. Since the particle energy
À´Þµ is known at each point along an orbit, the prescription for is completely analogous. Computing ÂÂ is somewhat more difficult, since it involves first computing Â ´¾ µ ½ À ÅÚ at each point along the orbit. (Here is the arc length along the field line the particle is on.)
Moreover, when detrapping or retrapping occurs, there is a large discontinuous jump in Â by this definition, and a calculation of ÂÂ loses its significance. In this work, the main focus is on particles, since these are the ones producing the superbanana transport. We accordingly compute ÂÂ AEÂ ¾ ´¾ µ for particles, setting the run time of particle to the smaller of total run time Ì and its detrapping time, analogous to the manner in which was set for computing ÖÖ . The signature indication of this process being truly diffusive, that AEÂ ¾ ´Øµ » Ø, is still met, but with less accuracy than for ÖÖ . And while the particles here are launched with a single value of Â to compare with the local analytic result (8), Â broadens over the course of the measurement, along with the particle and well-depth, thus averaging over these variables. The phase mixing needed for the numerical measurement is aided, however, by taking random initial mode phases for each particle, rather than just from mixing from the particle initial conditions, which sufficed for the global results of Sec. III.
In Ú in the above definition for Â , one may separate out the ¼ -dependent part of , writing 
Here, Ã and are the complete elliptic integrals of the first and second kind.
For the comparisons following, we will also need the bounce-averaged Lorentz Fig. 8 shows the same analytic theory, but now for spectrum S1. All 3 's are similar in form to their counterparts for spectrum S2 in Fig. 7 . However, while ÖÖ is also comparable to Fig. 7 in magnitude, in Fig. 8 is smaller by a factor of about 2, and ÂÂ is smaller by a factor of about 25. Since ÂÂ is dominantly responsible for the pitch-angle scattering yielding Ò , one expects a much smaller effect from spectrum S1, as observed in Fig. 6 . This smaller magnitude is because for Þ º ½, as is the case here, ÂÂ Â ¾ ½´Þ µ ³ Þ ¾ ¾ . The relative ineffectiveness of turbulence with in producing velocity-space versus radial changes has been noted earlier ¿½¸¿¾¸¾ in a tokamak context.
A comparison of these analytic expressions with numerical runs is shown in Fig. 9 , for spectrum S2, « ¼ , as in Fig. 7 , for a single initial well-depth Ý ¼ ½ , and a single initial ¼ ¿ . One sees the central tokamak peak in both ÖÖ and , but not in ÂÂ . This is because of the difference discussed above in the way ÂÂ is computed -only particles contribute to it, while as noted earlier, the tokamak peak is due to untrapped particles. Removing these peaks, one sees semiquantitative agreement between the analytic and numerical ÂÂ curves, rising from a small value near « ¼ , shifted due to ¼ as noted, and starting to fall of at large « . A local smoothing over « of the numerical values yields still better agreement. The local (in « ) disparities are unsurprising, due to sources of error noted above in both the analytic and numerical results.
The analytic and numerical ÖÖ curves in Fig. 9 , however, do not agree. Removing the tokamak peak from the numerical curve, the analytic ÖÖ is small compared with the numerical curve, and different in « -dependence. We attribute this to the fact, noted in Sec. IV, that the analytic ÖÖ only captures the direct portion of radial transport, and not the indirect portion due to , which here is dominant, and whose form should resemble the velocity-related coefficients ÂÂ , as it does.
Finally, we assess the size of Ò from these collisionless results in comparison with . Since it is ÂÂ which mainly affects pitch-angle scattering, one has 
VI. Discussion
We have seen that fluctuations can induce an appreciable anomalous collisionality Ò , and thereby modify the radial transport, consistent with the intuition.
The effect is larger for larger stellarator ripple, and for perturbations having larger We also have seen that the fluctuations produce radial transport by 2 general mechanisms, directly, by inducing extra radial drifts, and also indirectly, via modifications by Ò of the velocity-space dependence of the distribution function .
The indirect effect is most significant for ripple-trapped particles, while the direct effect is captured by typical theories of drift turbulence in tokamaks, due mainly to non ripple-trapped particles, and contributes in stellarators as well.
While one expects the indirect effect to be small for QA and quasi-helical (QH) stellarators, conventional stellarators and those using the "quasi-omnigenous"(QO)
or "quasi-isodynamic"(QI) approach to transport optimization, ¿¿ß¿ such as the fect. In addition, there is the potential for jumping from one root to another within the plasma column, which can generate a transport barrier. ¿ Such jumps can be induced even by small changes in the fluxes, and thus, the modifications to transport discussed here may be significant, and may be intentionally manipulated by an externally-imposed spectrum.
Finally, at high plasma ¬, the perturbing modes will acquire a significant mag- 
